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It is believed that a primary principle of the theory of quantum gravity is the Holographic 
Principle according to which a physical system can be described only by degrees of freedom 
living on its boundary. The generalized covariant formulation of the principle considers the 
entropy content on truncated light-sheets: light-like hypersurfaces of non-positive expansion 

■ orthogonally generated from a boundary. When we construct the truncated light-sheets for 
cosmological observers we find a general expression for the minimum cosmic time inter- 
val from the apparent horizon to verify the holographic prescription; this minimum time 
is related to quantum effects involved in the entropy computation. Finally, we arrive to 
the uncertainty relation from the Holographic Principle, which suggests a deep connection 

' between general covariance, entropy bounds and quantum mechanics. 

o ' 

O" 1, 1 Introduction 

U 

One of the most promising ideas that emerged in theoretical physics during the last decade 
was the Holographic Principle proposed by 't Hooft and Susskind [1, 2]; it appears to be a 
new guiding paradigm for the true understanding of quantum gravity theories. Basically, the 
Holographic Principle states that the fundamental degrees of freedom of a physical system 

■ are bound by its surface area in Planck units. 
The covariant formulation of the Principle is proposed by Bousso [3, 4] who considers the 
entropy content on the light-sheets (LS): light-like hypersurfaces of non positive expansion 
orthogonally generated from the boundary B of the physical system. Later, a more refined 
version was given by Flanagan, Marolf and Wald [5, 6, 7] who proposed the Generalized Co- 
variant Entropy Bound (GCEB): the entropy content of a LS truncated by another boundary 
B' must be bound by one quarter of the difference of the boundary areas 

S[L{B,B')]<^L. (1) 

From this basic principle it is easy to deduce the Generalized Second Law of Thermodynamics 
and the intriguing Bekenstein entropic limit S < 2n Energy x Radius [8, 9]. Also, from 
the GCEB we can show a heuristic connection between the Holographic Principle and the 
uncertainty relations from a microscopic point of view proposed by Bousso [10] : the basic idea 
is to apply the GCEB to a fundamental particle (Fig. 1). Another connection between the 
HP and the uncertainty relations has been shown by Jack Ng working at a very fundamental 
level related to the space-time foam [11, 12]. We also mention another previous works in 
that line [13, 14, 15]. 



But our work has followed a different line: The GCEB is the strongest formulation of the 
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Fig. 1. Reduction of the cross sectional area of a LS crossing a fundamental particle. On the left 
we can see a 2+1 dimensional representation and on the right a purely spatial one. The deflection 
angle gravitationally induced by the particle is proportional to M/R; the radius reduction is then 
AR ~ cAt and thus, the difference of the boundary areas is, approximately: AA ~ 2-7T M At. 
Assuming that the entropy associated to a fundamental particle is S ~ 1, when we apply the GCEB 
(1) we arrive to the energy-time uncertainty relation AEAt > h. 

entropic bound and by imposing it on different physical systems we look for further insights 
on the nature of the Holographic Principle and the theory of quantum gravity; particularly, 
we impose the GCEB on isotropic cosmological scenarios. We will find that the verification 
of the GCEB needs a restriction very similar to the energy-time uncertainty relation. At first 
sight, this restriction might be considered a drawback; however, we consider that we are in 
front of a possible confirmation of the fundamental nature of the Holographic Principle. 

2 The Apparent Horizon 

For an easy area calculation, and also in order to improve the graphic representation, we 
will work with proper distances D rather than coordinate distances r. In this context it is 
easy to define the proper distance from the fiducial observer located at r = to an event 
with coordinate distance r, at the same cosmological time t. We define the proper distance 
integrating the spatial part of the Robertson Walker metric (only the radial part is significant 
here). 

ds 2 = -dt 2 + R 2 (t)( Y ^+r 2 df2f l _ 1 ) D(r,t)=R(t)J* ^==j • (2) 

Thus we rewrite the significant part of the Robertson- Walker metric using now proper dis- 
tances 

ds 2 = -dt 2 + (dD - D^dt) 2 . (3) 

Equating it to zero we get a very descriptive equation for the null geodesies: it is a simple 
algebraic sum of velocities. The velocity of the null geodesic with respect to the observer at 
D = is the sum of the recessional velocity of the cosmic fluid there (Hubble law) plus the 
velocity of the null geodesic with respect to that fluid, which is always ±c [16, 17, 18] . 

D = HD±l => V»«h = v cosmi c ± c . (4) 

Therefore, when we construct the LS associated with the past light cone of a fiducial cos- 
mological observer, we found that locally, the past light cone must recede with an angle of 
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45 degrees, like in the Minkowsky space-time; on the other hand, at the Big Bang all the 
distances must contract to zero. Thus, using space-time proper coordinates, we get a typical 
drop-shaped figure (Fig. 2, left). 




Fig. 2. Proper distance-time representation of a past light cone, and two truncated light sheets 
traced from the apparent horizon; on the right we see how a very little time interval might violate 
the GCEB: the difference between the bounding areas (circles in the figure) tend to zero. 

The cross sectional area of the past light cone reaches a maximum at the so called 
Apparent Horizon (AH). In spatially flat n+1 dimensional universes the maximum past 
light cone cross sectional area A(t) — cj„_il?(t)™ _1 coincides with the maximum proper 
distance D from the fiducial observer to the ingoing null geodesies; then, equating (4) to 
zero (taking the minus sign because we must consider only ingoing null geodesies) we found 
that the AH is located at the Hubble distance if -1 . 

But for a non-spatially flat universe we can not use the proper distance D like a radius for 
the area calculation. In such a case, integrating the metric (2) for constant r and t we arrive 
to a suitable definition of the areal radius R 

A(t,r)=u; n _i[JZ(t)r] n ~ 1 => R = R(t)r. (5) 

Thus, the general expression for the location of the AH is very similar to the geometric term 
of the Friedmann equation: 

R AH(t)=(J+^)~ 5 . (6) 

The AHs of a fiducial observer on a cosmological model have been proposed by Bousso 
like preferred screens for the holographic codification of all the information of the universe 
[3, 4]. Actually, they are not horizons but they are very special surfaces: they are connected 
to three LSs; two of them form every past light cone (Fig. 2, left). 

3 Minimum cosmic time interval 

We compute the entropy content of a truncated light sheet integrating the entropy density 
s(t) (not strictly local) over the corresponding null hypersurface defined by R(t). The GCEB 
(1) says that 

S L s(ti,tf) = J*' Un^R®"- 1 s{t)dt = J*' A(t)s(t)dt < lA{U) 4 ^ /}l . (7) 



But, in the Fig. 2 we can see that near the AH the difference of the boundary areas 
truncating the LS may be arbitrarily small, and then the GCEB is violated. Effectively, 
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Fig. 3. Entropy content of a truncated light sheet: integration of the entropy density. 



taking the Taylor expansion near the AH it is easy to find that the entropy content on the 
truncated LS grows linearly with time interval At = t — t A n but the difference between 
the boundary areas grows with the squared time interval (because A(t A ff) = 0). In a n+1 
dimensional universe we have the following expressions for the entropy content on the LS 
generated from the AH and the area available: 



SlsQah, t) ~ A(t AH )s(t AH )At & 



AA(t AH ,t) 1 



--A(t AH )(AtY 



(8) 



In order to respect the GCEB we must limit the minimum separation in cosmic time between 
the boundary areas on the truncated LS; thus, we have to wait a minimum time interval 
At m i n so that the squared time interval {At) 2 term dominates over the linear one At and the 
GCEB would be applied. Assuming that the minimum time interval verifies At min <C t A u , 
we can obtain its approximate value from the Taylor expansions saturating the bound (1): 

1 A 

S L s(t AH ,t) < -AA(t AH ,t) => At> At mm = -8 



.4 



s{t). 



(9) 
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Now we are going to simplify this expression. At the AH, A 
Rr = —Rr, which enable us to transform 
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R = 0; so, we have the relation 
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Thus we have an interesting expression for the minimum cosmic time interval 
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where the denominator is exactly the geometrical term of one of the Friedman equations. 
So we introduce it to find a simple (dimension independent) dynamical solution 

Is Is . . 

At m i n — : = —7z : r — ■ (l^J 

7T p + p 7T(1 + Ul) p 

This general result stresses the deep relation between entropy bounds and the entropy-mass 
ratio for general systems. Anyway, we have assumed that At rnin <C t A n; so, it is important 
to know the behavior of this relation as the universe evolves: assuming now lo constant and 
adiabatic expansion we have s ~ R~ n and p ~ R~ n ( 1+iAj \ and then introducing the temporal 

2 

£n(i+w) we arrive to 

^ R nu ^™^( tAH )^. (13) 

t A H 

Wc find that the size of At m i n relative to the cosmic time scale t A u is a decreasing function 
for u> < 1, according to the Fischler-Susskind limit [19]. 



evolution for flat universes R 
At 

i ) 1 1. 
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4 Quantum conclusions 

• Let us apply the relation (12) to the mass-entropy traversing the truncated LS from the 
AH: basically we have a restriction on the temporal extension of the light sheet 

At > At min ~ - = |M- . (14) 
P M LS 

If we consider only the necessary volume for the existence of only 1 bit of information, we 
denote the necessary mass-energy for this minimum information Mi, and then, making 
explicit the presence of the Planck constant (here 1 = h/c 2 ), we arrive to: 

AtM 1 >h. (15) 

This familiar equation states that the location of 1 bit in a very little time interval is 
only possible if the bit carries enough mass-energy: this mass is necessary for the LS area 
reduction, so that the holographic codification of the bit can take place. Conversely, if 
the mass involved in the bit is very little, a big time interval will be necessary for an 
enough LS area reduction. 

• Now, thinking about the physical process required for the existence of 1 bit, we need 
to change a quantum state to an orthogonal state. According to the Margolus-Levitin 
theorem [20], being Ei the average energy of the quantum states, the minimum time 
required for this evolution verifies 

AtEi>nh/2, (16) 

according to our previous result. This theorem impose a physical limit on the maximum 
speed on information processing; but at first sight the Holographic Principle impose a 
physical limit on information storage. We think that the GCEB formulation, evaluating 
the entropy content on null sections (they evolve also in the time direction), provide an 
unified restriction. 



We can guess a microscopic explanation of the restriction encountered in the GCEB: if 
the expansion is adiabatic, the restricted time (12) adopts the form 

5 ™ At m i n — — Xrnax (1*0 

T ttT ah 

where Tah is the temperature of the fluid on the AH; its inverse will be a measure of the 
typical wavelength of the quanta that carries the entropy. So, when we count the entropy 
on the LS, it is natural to consider only those modes whose wavelength is smaller than 
the size of the LS; that is A < \ max [6]. In [21] we show that the entropy density, re- 
stricted by this kind of IR cutoff, always yield an entropy content according to the GCEB. 

Finally, we would like to stress the significant emergence of the Fricdmann equations in 
this context. The relations (6) and (11) allow us to rewrite the Friedman equations like 
a relation between dynamical terms and the evolution of the AH area; using the areal 
radius R (5) we have: 

2 lQnG Rah 87rG 

r ah = —, ttP & — = t(p + P)- ( 18 ) 

AH n(n-l) Rah n~l y ' 

For our traditional vision of the world, it is more suitable to know the evolution of 
the scale factor. But, the peculiar form that now we have obtained perhaps suggest an 
alternative vision related to the horizon area; an holographic vision. In any case, we think 
that we are in front of a deep connection between general covariance, entropy bounds 
and quantum mechanics; this might be the way to the ultimate theory. 
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Fig. 4. Connections between entropic limits and fundamental laws. The dashed arrows are used 
when a law was useful for the formulation of a more general law; this subsequent law generally 
enable the logical deduction of the previous one (continuous arrows). Obviously, the connection 
with the theory of quantum gravity is not clear yet. 
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